A Lamb wave is a special type of elastic wave that is widely employed in structural health monitoring systems for damage detection. Recently, piezoelectric (piezo) patches have become popular for Lamb wave excitation and sensing because one piezo patch can serve as both the actuator and the sensor. All published work has assumed that the Lamb wave displacement field generated by a piezo patch actuator is axi-symmetric. However, we observed that piezo sensors placed at equal distances from the piezo patch actuator displayed different responses. In order to understand this phenomenon, we used a laser vibrometer to measure the full-field displacements around a circular piezo actuator noncontactly. The displacement fields excited by the piezo patch actuator are found to be directional, and this directionality is also frequency dependent, indicating that the out-of-plane bending dynamics of the piezo actuator may play an important role in the Lamb wave displacement fields. A simulation model that incorporates the bending deformation of the piezo patch into the calculations of the Lamb wave generation is then developed. The agreement between the simulated and measured displacement fields confirmed that the directionality of the Lamb wave displacement fields is governed by the bending deformation of the piezo patch actuator.
Introduction
Structural health monitoring (SHM) is an upcoming technology that enables monitoring the health conditions of structural components in real time. Successful implementation of SHM systems in military and civilian aerospace structures could potentially result in tremendous benefits in safety assurance, operational cost reduction, and better design concepts. Damage detection based on a guided wave (GW) is one of the most popular and well-researched crack detection schemes employed in SHM systems. Because the GW method detects a crack based on its interaction with a propagating elastic wave, the actuators and sensors can be placed far away from the damaged area. Therefore, only a few sensors and actuators are required to cover a large area. Moreover, recent developments in piezo 3 Author to whom any correspondence should be addressed.
wafer transducers demonstrated the feasibility of using compact, lightweight, inexpensive piezo patches for both excitation and sensing of GWs (Giurgiutiu and Zagrai 2000) . A large number of piezo-excited guided wave inspection systems have become available for various applications, including corrosion detection (Thomas et al 2004) , damage detection in composite materials (Kessler et al 2002, Ip and Mai 2004) , crack detection of steel bridge components (Park et al 2006) , etc. In addition, Lamb wave tomography systems for damage mapping in complex structures using piezo patches have also been reported (Giurgiutiu and Bao 2002 , Royer et al 2005 , Prasad et al 2004 , Hay et al 2006 , Rajgopalan et al 2006 .
Simulation models for Lamb wave generation by a finitedimensional piezoelectric patch actuator in both isotropic plates and anisotropic composites have been published by several researchers. Moulin et al (2000) developed a coupled finite element-normal modes expansion method to estimate the particular Lamb waves generated in various excitation configurations. Their approach was extended by Grondel et al (2001) to study the influence of the transducer on the characteristics of the propagating Lamb waves in an orthotropic laminate. Using three-dimensional (3D) elasticity theory, Wang and Yuan (2007) developed a simulation model to study the dispersive and anisotropic behavior of Lamb waves in two different types of symmetric laminate. Rose and Wang (2004) applied the Mindlin plate theory and derived analytical solutions for the plate displacement corresponding to a point moment and a vertical point force. Assuming the piezo transducer generates radially directed membrane forces and bending moments at the edge of the transducer, the flexural response of the plate due to a finite-dimensioned actuator was obtained from the point-source solutions by integrating along the transducer area. Bottai and Giurgiutiu (2005) presented a simulation model of the Lamb wave interaction between a piezo patch actuator and the host structure using analytical solutions in an axi-symmetric formulation. In their model, the piezo patch was assumed to undergo an oscillatory expansion and contraction, which are transmitted to the substrate material through the bonding layer. Under ideal bonding condition, the shear stresses between the piezo patch and the substrate were assumed to be uniform and are transmitted to the substrate structure only at the edges of the piezo patch. Raghavan and Cesnik (2005) presented a formulation for modeling the transient Lamb wave field excited by arbitrary shaped surfacebonded piezo patches in isotropic plates, based on the 3D elasticity equations of motion.
One common assumption made by the published work is that the piezo patch only exerts shear forces to the host structure at the edges of the piezo patch and that the shear forces are uniformly distributed (Rose and Wang 2004 , Raghavan and Cesnik 2005 , Bottai and Giurgiutiu 2005 . As a result, a circular piezo patch will generate an omnidirectional Lamb wave displacement field. Because of this assumption, the non-axi-symmetric deformation of the piezo patch was not considered. Lanza Di Scalea et al (2007) examined the directivity in the response of rectangular piezo sensors subjected to plane wave fields. However, no published work has studied the directivity of the Lamb wave displacement fields generated by a piezo patch actuator or the response directivity of a circular piezo sensor.
Researchers at the Air Force Research Laboratory (AFRL) observed experimentally that circular piezo sensors placed at equal distances from a circular piezo actuator may have different responses (Desimio et al 2007) . There are two factors that could potentially contribute to these observed differences in the sensor responses: either the displacement field of the excited Lamb wave is not axi-symmetric or the circular piezo sensors have different responsivities. In order to isolate these two factors, a scanning laser vibrometer was employed to obtain the full-field Lamb wave displacement field (A0 mode) around a circular piezo patch actuator noncontactly. We observed that the A0 Lamb wave displacement fields are directional and this directionality is frequency dependent. Based on the evolution of the A0 displacement fields with increasing frequencies, we reasoned that the displacement fields generated by the piezo patch actuator are influenced by the out-of-plane bending dynamics of the piezo patch. To confirm this hypothesis, a simulation model that incorporates the out-of-plane deformation of the piezo patch into the simulation of the Lamb wave generation was developed. The agreement between the simulated and measured displacement fields confirmed that the directionality of the A0 displacement fields is contributed by the bending deformation of the piezo patch actuator. The simulation model presented can be easily extended to the simulation of symmetric Lamb wave modes generated by piezo patches of arbitrary shapes.
Lamb waves
A Lamb wave is a special type of ultrasonic wave that propagates in a thin elastic plate and therefore is bounded by its traction-free boundaries. Among ultrasonic waves, Lamb waves are particularly advantageous for SHM because they can propagate over large distances in plates and shells. Several authors have presented excellent overviews of Lamb waves in the past (Achenbach 1999 , Staszewski et al 2004 , Rose 1999 . For clarity, the important characteristics of Lamb waves are summarized here.
The geometry and coordinates of a plate for Lamb wave propagation is shown in figure 1(a) . The plate can deform in both symmetric ( figure 1(b) ) and anti-symmetric modes ( figure 1(c) ). For time-harmonic wave motion in plane strain of an elastic layer, the governing equations are (Achenbach 1999 )
where φ (x, z) and ϕ (x, z) are potential functions. The velocity of longitudinal and transverse waves C L and C T are calculated from the Lamè constants, λ and μ, i.e. The solutions of (1) can be assumed to have the following form:
where ω is the angular frequency and k is the wavenumber.
Substituting (3) into (1) and solving for the differential equations yields the following expressions for the amplitude functions:
where
Since the stress components of the plate can be calculated from φ(x, z) and ϕ(x, z) as
applying the traction-free boundary conditions, σ xz (±d) = 0 and σ zz (±d) = 0, yields the well-known Rayleigh-Lamb frequency equations,
for anti-symmetric modes, and
for symmetric modes, where d is the half-thickness of the plate. The wavenumber k is therefore a solution of (7a) or (7b). Each wavenumber k corresponds to a Lamb wave mode that can propagate in the plate. At higher excitation frequencies, equation (7) can have multiple solutions, indicating that multiple modes can be excited in the plate. For SHM purposes, the lowest symmetric mode S0 and anti-symmetric mode A0 are most commonly used. 
Experiment observation
To investigate the observed variations in piezo sensor responses, a large aluminum (Al) alloy panel (2024-T3, 0.78 m in length, 0.76 m in width, and 1 mm in thickness) was instrumented with five piezo disks (APC 850-51D, 6.35 mm in diameter and 254 μm in thickness). The arrangement of the piezo disks is shown in figure 2. Regular strain gauge epoxy (M-200 bond) was utilized to bond the piezo disks to the Al alloy panel. Extra precautions were taken to ensure a uniform bonding between the piezo disks and the Al panel, including roughening the surface with steel wires, cleaning the surface using alcohol, applying the catalyst for the epoxy, and applying even pressure to the piezo disks during epoxy curing. One of the piezo disks, piezo #5, was placed at the center of the panel and was selected as the actuator. Four sensing piezo disks were placed at 150 mm away from the actuator. For the excitation frequencies we are interested in, i.e. less than 250 kHz, the smallest Lamb wave wavelength λ is around 1 mm. Therefore, the sensing piezos are placed in the far field of the piezo actuator (sensor/actuator distance L > D 2 /4/λ = 1 mm, where D = 6.35 mm is the diameter of the actuator aperture). Piezo #1 is mounted at the 9 o'clock direction (θ = 180
• ) while the rest of piezo patches are mounted 90
• apart sequentially, following the clockwise direction.
Experiment measurements using piezo patch sensors
A 5.5-cycle Hanning-windowed tone-burst signal with a peakto-peak amplitude of 9.658 V and an adjustable center frequency, generated by a signal generator (Agilent 33250A), was supplied to piezo #5 for Lamb wave generation. A customdeveloped Labview program was used to automatically adjust the excitation frequency and to record the outputs of the piezo sensors from a data acquisition system. Triggered by the excitation signal, the acquired data were averaged over ten excitations. Subsequently, a MATLAB program was applied to separate the A0 and S0 wavepackets using time gating and to determine their peak amplitudes (Huang and Pamphile 2008) . As shown in figure 3 , the two piezo sensors, piezos #2 and #4, obtained different A0 amplitudes for most of the excitation frequencies. 
Experimental measurements using a scanning laser vibrometer
In order to investigate the reasons contributing to the observed sensor response differences, we employed a laser vibrometer to measure the Lamb wave displacement field generated by the piezo actuator noncontactly. Because of the limited sampling rate of the laser vibrometer, the excitation frequency was limited to less than 250 kHz. In addition, the laser vibrometer is only sensitive to the out-of-plane deformation.
The maximum amplitude of the S0 out-of-pane deformations is too small for the laser vibrometer to measure. Therefore, only the A0 mode can be measured by the laser vibrometer. The surface of the Al panel was slightly sanded using steel wool to obtain a retro-reflective surface so that the laser vibrometer maintained sufficient signal strength throughout the scan. In addition, the excitation signal was amplified by ten times and the measured signals were averaged over 50 excitations to increase the signal to noise ratio. The laser vibrometer set-up and the scanning grid employed are shown in figure 4. To avoid the interference of the piezo wires, the back side of the panel, i.e., the side that was not instrumented with the piezo disks, was profiled. The scanning grid was centered at the excitation piezo disk. The radius of the innermost ring outside the piezo disk was 6 mm and the radius of the outermost ring was 50 mm. Again, all the scanning points are located in the far field of the piezo actuator. The 3D views of the A0 displacement fields around the actuator at different excitation frequencies are shown in the left column of figure 5. To highlight the directionality of the A0 displacements, the changes of A0 amplitude with the angle θ at different radial positions are shown in the right column of the figure 5. At a lower excitation frequency, e.g. 15 kHz, the A0 displacement field is approximately axisymmetric with slightly higher amplitudes around θ = 250
• . This directionality becomes more profound with increasing frequencies, as evidenced by the displacement field at 50 kHz. At 150 kHz, the displacement field started to display two preferential directions: one at θ = 50
• and the other at θ = 160
• . Increasing the excitation frequency further to 250 kHz resulted in a displacement field that has three preferential directions with two directions (θ = 200
• and 340 • ) having similar displacement amplitudes, with the other direction (θ = 100
• ) having smaller displacement peak. Based on the evolution of the Lamb wave displacement fields, we suspected that the directionality of the displacement field generated by a piezo patch actuator is contributed by the out-of-plane vibration modes of the piezo patch. In order to confirm this hypothesis, the natural frequencies of the piezo disk were calculated. Because the piezo disk is bonded to an Al panel, the exact boundary conditions of the piezo disk are difficult to determine. Therefore, the natural frequencies of the piezo disk under simple support and clamped support at the edge were calculated. The material properties of the piezo disk used for the calculation are Young's modulus E = 66 GPa, Poisson's ratio υ = 0.3, and density ρ = 7800 kg m −3 . The natural frequencies for the circular disk under both boundary conditions are listed in table 1. It is worth noting that the first seven natural frequencies of the piezo disk under simple support fall within the frequency range that we investigated. In addition, we also observed that several of these natural frequencies were coincident with the frequencies at which the maxima of the A0 amplitude-frequency curve occurred, e.g. around 50 and 90 kHz (see figure 3) .
Simulation model
In order to confirm that the A0 Lamb wave displacement field is influenced by the bending dynamics of the piezo patch actuator, a numerical simulation model that incorporates the out-of-plane deformation of the piezo patch actuator into the calculation of the Lamb wave displacement field was developed. The model for the Al panel instrumented with a circular piezo patch is shown in figure 6 . Two separate polar systems (r, θ, z) and (r ,θ,z) are defined for the piezo disk and the host plate. The origins of the polar coordinates are located at the middle plane of the piezo disk and the host plate, respectively. The z-axes of both polar coordinate systems are aligned with the axis of the circular piezo patch. The piezo patch is treated as a circular plate supported by elastic foundations. Since the presence of the elastic foundations does not change the mode shapes (Blevins 2001) , the mode shapes of the piezo patch can be calculated using equation (A.9) in appendix A. The second-order mode shape of the piezo disk is shown in figure 7 . The piezo patch deforms in the outof-plane direction, i.e. the z-direction, as well as in the inplane radial and circumferential directions. Moreover, the second-order mode shape of the piezo disk is not necessarily axi-symmetric even though it has axi-symmetric boundary conditions. A differential element of the piezo disk is defined as a section that is located at (r ,θ) and has a dimension of (dr , dθ) (shaded area in figure 7 ). Because the piezo patch is very thin, the out-of-plane deformations at the bottom surface can be approximated as the same as the mode shape at (r,θ ), i.e., w(r ,θ, −d) ≈ w(r ,θ, 0). These deformations exert reaction forces on the host plate through the bonding layers and thus excite a Lamb wave in the host plate. In order to calculate the excitation forces acting on the host structure, the coupling of displacements from the piezo patch to the host plate needs to be analyzed. 
Load transfer from the piezo patch actuator to the host structure
The deformations of the bonding layer are illustrated in figures 8(a)-(c). If we assume that the bonding layer is very thin and it provides a perfect bond, the top surface of the bonding layer should have the same deformation as the bottom surface of the piezo patch. On the other hand, the bottom surface of the bonding layer can be assumed to have zero deformation due to the constraints of the host plate. Therefore, denoting the thickness of the adhesive layer as h b , the normal strain and the shear strains of the bonding layer can be calculated from figures 8(b) and (c) as
where w(r ,θ , −d) is the out-of-plane deformation of the piezo patch. The radial and circumferential deformations u zr (r,θ , −d) and u zθ (r ,θ, −d) are calculated from the outof-plane deformation of the piezo patch as
The load transfer from the piezo patch to the host plate can then be calculated from the deformation of the bonding layer. As shown in the free-body diagram of the bonding layer in figure 8(d) , the stress components (σ zz , τ zr , τ zθ ) at the top surface are the results of piezo deformations while the reaction forces (P, Q zr , Q zθ ) at the bottom surface of the bonding layer are due to the reaction of the host plate. Based on Hooke's law, the stress components at the top surface of the layer element can be expressed as
where E b and G b are the Young's modulus and shear modulus of the bonding layer. The reaction forces of the plate can be then calculated based on force balance,
and
(11c) These reaction forces are the driving forces that generate the Lamb wave in the host plate and should have the same frequency as the deformations of the piezo patch. 
Excitation of a Lamb wave by a tone-burst point force
As discussed in appendix B, the out-of-plane displacements of the A0 Lamb wave due to a time-harmonic point normal load P applied at the origin can be expressed as
where ω 0 is the angular frequency of the time-harmonic point load and m is the order of the Lamb wave. The Lamb wave displacement due to a normal load P(t) that varies with time in a general way, therefore, is the Fourier integral of the timeharmonic solution,
whereP(ω) is the Fourier transformation of P(t).
For a tone-burst point normal load with a narrow band frequency spectrum (see figure 9 ), the Lamb wave displacement solution is therefore a simplified form of (13), (14) where ω l and ω h are the low and high cut-off frequency of the tone-burst signal. Since the Lamb wave displacement field generated by a point normal force is independent of the circumferential coordinate θ and therefore is axi-symmetric, the displacement field for a normal force applied at an arbitrary location (r 0 , θ 0 ) can be generalized from the transformation of the coordinates as
(15) Similarly, the Lamb wave displacement solution for a tone-burst shear load applied at the origin and pointing toward the positive r direction is
(16) Notice that we have to specify not only the location of the shear force but also its direction as well. Assume the shear force is applied at (r 0 , θ 0 ), the direction of the shear force is defined as the angle β between the shear force and the vector r 0 , where r 0 points from (0, 0) to (r 0 , θ 0 ) (see figure 10) . For a shear force that is applied at an arbitrary location (r 0 , θ 0 ) and at an arbitrary direction β, the Lamb wave displacement solution can be obtained again by transforming the coordinate system,
where r is the vector pointing from (0, 0) to (r, θ) and θ( r − r 0 ) is the phase angle of the vector r − r 0 .
Again,Q(ω) is the Fourier transformation of Q(t).

Lamb wave displacement fields generated by a piezo patch actuator
Finally, the A0 Lamb wave displacement field of the host plate excited by the piezo patch is the integration of the displacement fields due to the three reaction forces (P, Q zr , Q zθ ), i.e.,
and The integrations overr andθ can be numerically carried out by partitioning the piezo patch into small elements. Assume the element located at (r i , θ j ) has a radial dimension of r i and a circumferential dimension of θ j , equation (19) becomes
and Clearly, equation (20) is applicable for piezo patches of arbitrary shape as long as the deformation of the piezo patch is known.
Results and discussion
The dimensions of the Al plate and piezo patches used for the simulation are the same as the components used in the experiment (Al plate thickness 2d s = 1 mm, piezo diameter D = 6.35 mm, and piezo patch thickness 2d p = 250 μm). The material properties for the simulation are Young's modulus E = 68.9 GPa, Poisson's ratio υ = 0.33, and density ρ = 2684 kg m −3 for the Al plate, E = 1.09 GPa and υ = 0.3 for the bonding epoxy, and E = 66 GPa, υ = 0.3, and ρ = 7800 kg m −3 for the piezo patch. In section 5.1, the attenuation and the group velocity of the A0 Lamb waves generated by a tone-burst point load were calculated and compared with the theoretic predictions to validate the simulation model. The A0 Lamb wave displacement fields around a piezo patch actuator corresponding to each mode shape of the piezo patch were then calculated; they are presented in section 5.2. The convergence of the simulation model is discussed in section 5.3. Finally, the simulated A0 displacement fields generated by the piezo patch actuator are compared with the measured displacement fields in section 5.4.
Verification of the Lamb wave solution for a tone-burst point normal load
The simulated A0 displacements U z at three locations (5, 50, and 100 mm from the excitation) due to a point normal load applied at the original is shown in figure 11 . The point normal load is assumed to be a 5.5-cycle Hanningwindowed tone-burst signal with a central frequency of 250 kHz. The attenuation curves of the A0 Lamb wave are constructed by plotting the maximum amplitudes of the wavepackets at different distances from the excitation points, as shown in figure 12 . As expected, the A0 amplitude decreases with the distance following the O(1/ √ r ) power rule as it propagates away from the excitation. The group velocities of the wavepacket at different excitation frequencies can also be calculated from the time differences between the maximum amplitudes at different locations. Figure 13 compares the group velocity measured from the simulation results with the theoretic group velocity values calculated from the analytical Lamb wave solution presented in section 2. The calculated group velocities are slightly lower than the theoretical values, especially at very low frequencies. This is because the theoretical group velocity was calculated at the center frequency of the tone-burst signal while the calculated group velocity is contributed by all the frequency components of the tone-burst signal. The shape of the wavepacket was not changed much by dispersion, probably because the traveling distance is short and the group velocities at different frequencies are of small differences.
A0 displacement fields due to fundamental modes of the piezo patch actuator
The partition of the piezo disk and the area surrounding the piezo actuator is shown in figure 14 . The piezo patch is divided into 16 sections along its radial direction and 72 sections along its circumferential direction, resulting in a total number of 1152 elements. The A0 displacement fields were simulated over an area matching the region that was profiled by the laser vibrometer (see figure 14(b) ).
The first five mode shapes of the piezo patch and their corresponding A0 displacement fields are shown in figure 15 . In general, if the mode shape is axi-symmetric (mode #1 and #4), the corresponding A0 displacement fields are axisymmetric as well. On the other hand, the A0 displacement fields are no longer axi-symmetric if the mode shapes are anti-symmetric about one or more planes (mode #2, #3, and #5). Rather, the fields become planar symmetric and have zero displacements along the planes of symmetry. Moreover, the Lamb wave displacement fields have sharp displacement peaks. The number and orientation of the displacement peaks coincide with the number and orientation of the vibration maxima of the fundamental mode.
Convergence of the simulation model
In order to check the convergence of the simulation model, the A0 amplitude at a distance of 100 mm from the excitation source was calculated at different numbers of partition along the longitudinal and circumferential direction, i.e., N r and N θ , respectively. For each increment of N r or N θ , the convergence error (CE) is calculated as
where A i is the A0 amplitude at the previous N r or N θ , and A i+1 is the A0 amplitude at the increased N r or N θ . and N θ . For a particular mode shape, the excitation frequency does not have an effect on the convergence of the simulation model. However, as the excitation frequency increases, higherorder vibration modes with more complex mode shapes will be generated. Therefore, a more refined mesh is suggested for piezo patches excited with higher frequencies. Partitioning the piezo actuator into 1152 elements (N r = 16 and N θ = 72) is sufficient to achieve a CE of less than 1% for all the mode shapes considered.
Comparison of the measured and simulated A0 displacement field
The actual bending deformation of a piezo disk at a particular excitation frequency can be decomposed as a combination of the fundamental modes, i.e.,
wherew i (r ,θ) is the normalized mode shape of the i th fundamental mode. C i is the weight coefficient for the i th fundamental mode while θ i is the orientation of the i th mode shape, defined as the angle between the anti-symmetric plane and the x-axis of the piezo patch. The weight coefficient C i depends on the actual boundary condition of the piezo patch, which is difficult to predict because of the unknown thickness and material properties of the bonding layer. Moreover, the anti-symmetric mode shape can have an arbitrary orientation θ i since the piezo patch is perfectly circular and does not have any preference for the orientation of the anti-symmetric planes. In order to match the simulated displacement fields with the laser vibrometer measurements, a brutal force approach was taken to determine the weight coefficient C i and the orientation of the mode shapes θ i . The weight coefficient and the orientation that match the calculated and measured A0 displacement fields at different excitation frequencies are listed in table 2. As shown in figure 17 , the simulated A0 displacement fields matched Table 2 . Weight coefficient and orientation of the mode shape.
well with the measured A0 displacement fields, especially at lower excitation frequencies. For excitation frequencies up to 200 kHz, only the first three fundamental modes were considered. For the displacement field at 250 kHz, however, higher-order fundamental modes had to be added in order to achieve a Lamb wave displacement field that is similar to the laser vibrometer measurement.
Conclusions
Laser vibrometer measurements of the A0 Lamb wave displacement fields excited by a circular piezo disk are presented in this paper. Contrary to common beliefs, we discovered that the A0 displacement fields excited by a piezo patch actuator are directional, and that this directionality is frequency dependent. A simulation model that incorporates the out-of-plane deformation of the piezo actuator into the calculation of the A0 Lamb wave displacement fields is also presented. Based on the experiment observation and the simulation model, we concluded that the frequency-dependent directionality of the A0 Lamb wave displacement fields is contributed by the out-of-plane bending deformations of the piezo patch. This suggests that the bending dynamics of the piezo patch actuator should be taken into consideration during the actuator design and selection process. In addition, based on reciprocity, we suspect that the sensor response of a circular piezo sensor should also have a directional pattern. Detailed characterization of the sensor directivity of circular piezo sensors should be carried out in the future.
Appendix B. Lamb wave displacement field generated by a time-harmonic point load
The Lamb wave displacement field in a thin plate generated by a time-harmonic point load, derived by Achenbach (2003) using elastodynamic reciprocity, is summarized in this appendix. The displacement due to a point load of arbitrary direction can be expressed as the superposition of displacements due to the vertical component P and the horizontal component Q: The out-of-plane anti-symmetric displacement generated by a time-harmonic vertical point load P is given as υ is the Hankel function of the first kind. The solution for the symmetric modes is similar and can be found in Achenbach (2003) .
